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A CHARACTERIZATION OF SCHAUDER FRAMES WHICH ARE
NEAR-SCHAUDER BASES
RUI LIU AND BENTUO ZHENG
Abstract. A basic problem of interest in connection with the study of Schauder
frames in Banach spaces is that of characterizing those Schauder frames which can
essentially be regarded as Schauder bases. In this paper, we give a solution to
this problem using the notion of the minimal-associated sequence spaces and the
minimal-associated reconstruction operators for Schauder frames. We prove that a
Schauder frame is a near-Schauder basis if and only if the kernel of the minimal-
associated reconstruction operator contains no copy of c0. In particular, a Schauder
frame of a Banach space with no copy of c0 is a near-Schauder basis if and only if
the minimal-associated sequence space contains no copy of c0. In these cases, the
minimal-associated reconstruction operator has a finite dimensional kernel and the
dimension of the kernel is exactly the excess of the near-Schauder basis. Using these
results, we make related applications on Besselian frames and near-Riesz bases.
1. Introduction
The theory of frames in Hilbert spaces presents a central tool in mathematics and
engineering, and has developed rather rapidly in the past decade. The motivation
has come from applications to signal analysis, as well as from applications to a wide
variety of areas of mathematics, such as, sampling theory [2], operator theory [15],
harmonic analysis [13], nonlinear sparse approximation [10], pseudo-differential oper-
ators [14], and quantum computing [11]. Recently, the theory of frames also showed
connections to theoretical problems such as the Kadison-Singer Problem [6, 8].
Recall that if (xi) is a standard frame for a Hilbert space H with the frame trans-
form S, then we get the reconstruction formula (see [9]):
x =
∑
〈x, S−1xi〉xi for all x ∈ H.
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The definition of a Schauder frame in a Banach space comes naturally from this
representation [5, 7, 15], which, on the one hand, generalizes Hilbert frames, and
extends the notion of Schauder bases, on the other. Moreover, from [5, Proposition
2.4], the property of a Banach space X to admit a (unconditional) Schauder frame is
equivalent to the property of X being isomorphic to a complemented subspace of a
Banach space with a (unconditional) Schauder basis. It was shown independently by
Pe lczyn´ski [20] and Johnson, Rosenthal and Zippin [17] (see also [4, Theorem 3.13])
that the property of X being isomorphic to a complemented subspace of a space with
a basis is equivalent to X having the Bounded Approximation Property.
For a Schauder frame, a natural and important problem is that of determining
when it is a near-Schauder basis in the sense that the deletion of a finite subset
leaves a Schauder basis, that is, the Schauder frame has finite excess. Section 3 is
the introduction of what we call a minimal-associated sequence space and a minimal-
associated reconstruction operator. In Section 4, we show that a Schauder frame is a
near-Schauder basis if and only if the kernel of the minimal-associated reconstruction
operator contains no copy of c0. In particular, a Schauder frame of a Banach space
with no copy of c0 is a near-Schauder basis if and only if the minimal-associated
sequence space contains no copy of c0. In these cases, the minimal-associated recon-
struction operator has a finite dimensional kernel and the dimension of the kernel is
exactly the excess of the near-Schauder basis. In Section 5, we make related applica-
tions to Besselian frames and near-Riesz bases.
2. Preliminaries
The unit sphere and the unit ball of a Banach space X are denoted by SX and
BX , respectively. The vector space of scalar sequences (ai), which vanish eventually,
is denoted by c00. The usual unit vector basis of c00, as well as the unit vector basis
of c0 and ℓp (1 ≤ p < ∞) and the corresponding biorthogonal functionals will be
denoted by (ei) and (e
∗
i ), respectively. The closed linear span of a family of (xi) is
denoted by [xi].
A Schauder basis of a Banach space X is a sequence (xi)
∞
i=1, which has the property
that every x can be uniquely written as a norm converging series x =
∑∞
i=1 aixi. It
follows then from the Uniform Boundedness Principle that the biorthogonal function-
als (x∗i ), x
∗
i : X → K,
∑
ajxj 7→ ai are bounded. Let Pn be the natural projection of
X onto [xi]
n
i=1, the span of (xi)
n
i=1. The basis constant of (xi) is supn{‖Pn‖}. The
projection constant of (xi) is supn,m{‖Pn−Pm‖}. A family of (xi) which is a Schauder
basis of its closed linear span, [xi], is called a basic sequence.
Two basic sequences (xi) and (yi) in the respective Banach spaces X and Y are
equivalent and we write (xi) ∼ (yi), if whenever we take a sequence of scalars (ai),
then
∑∞
i=1 aixi converges if and only if
∑∞
i=1 aiyi converges. Moreover, for two basic
sequences (xi) and (yi), the following conditions are equivalent [1]:
i) (xi) ∼ (yi);
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ii) There is an isomorphism T : [xi]→ [yi] such that T (xi) = yi for each i ∈ N;
iii) There exists a constant C > 0 such that for all sequences of scalars (ai) ∈ c00
we have
C−1
∥∥∥
∑
aixi
∥∥∥ ≤
∥∥∥
∑
aiyi
∥∥∥ ≤ C
∥∥∥
∑
aixi
∥∥∥.
We say that a Banach space X contains no copy of c0 if X contains no subspace
isomorphic to c0, or equivalently, there is no basic sequence in X equivalent to the
unit vector basis (ei) of c0. If there is a basic sequence (xi) in X such that there
are positive constants A,B > 0 such that for all finite nonzero sequences of scalars
(ai) ∈ c00 we have
Amax |ai| ≤
∥∥∥
∑
aixi
∥∥∥ ≤ Bmax |ai|,
then we say that X contains a
√
B/A-copy of c0.
3. Minimal-associated Sequence Spaces and Near-Schauder Bases
In this section we give a short review of the concepts of Schauder frames and asso-
ciated sequence spaces (see also [5, 7, 18, 19]), and introduce the notion of minimal-
associated sequence spaces and near-Schauder bases.
Definition 3.1. Let X be a (finite or infinite dimensional) separable Banach space.
A sequence (xj , fj)j∈J, with (xj)j∈J ⊂ X , (fj)j∈J ⊂ X∗, and J = N or J = {1, 2, ..., N},
for some N ∈ N, is called a Schauder frame of X if for every x ∈ X
x =
∑
j∈J
fj(x)xj . (3.1)
When J = N, we mean that the series in (3.1) converges in norm, x = lim
n→∞
n∑
j=1
fj(x)xj .
Remark 3.2. Throughout this paper, it will be our convention that we only consider
non-zero Schauder frames (xi, fi) indexed by N, i.e. that xi 6= 0 and fi 6= 0 for i ∈ N.
Definition 3.3. Let (xi, fi) be a Schauder frame of a Banach space X and let E be
a Banach space with a Schauder basis (ei). We call (E, (ei)) an associated sequence
space to (xi, fi) and (ei) an associated Schauder basis, if
S : E → X,
∑
aiei 7→
∑
aixi and
T : X → E, x =
∑
fi(x)xi 7→
∑
fi(x)ei
are bounded operators. Recall S the associated reconstruction operator and T the
associated decomposition operator or analysis operator.
In [13] the triple ((xi), (fi), E) is called an atomic decomposition of X .
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Remark 3.4. Notice that for all x ∈ X ,
S ◦ T (x) = S ◦ T (
∑
fi(x)xi
)
= S
(∑
fi(x)ei
)
=
∑
fi(x)xi = x,
that is, S ◦ T = IdX . Therefore, T must be an isomorphic embedding from X into E
and S a surjection onto X . Moreover, it follows easily that E = kerS ⊕ T (X).
Definition 3.5. Let (xi, fi) be a Schauder frame of a Banach space X . We denote
the unit vector basis of c00 by (ei) and define on c00 the following norm ‖ · ‖min:
∥∥∥
∑
aiei
∥∥∥
min
= max
m≤n
∥∥∥
n∑
i=m
aixi
∥∥∥
X
for all (ai) ∈ c00. (3.2)
It follows easily that (ei) is a bimonotone basic sequence with respect to ‖·‖min, which
we denote by (eˆi), and thus, a Schauder basis of the completion of c00 with respect
to ‖ · ‖min, which we denote by Emin (see also [5, Proposition 2.4] and [7, Theorem
2.6]). From the proof of [5, Proposition 2.4] and [7, Theorem 2.6], we also know that
(Emin, (eˆi)) is an associated sequence space to (xi, fi). If (E, (ei)) is an associated
sequence space to (xi, fi) with S the associated reconstruction operator and K the
projection constant of (ei), then for any (ai) ∈ c00,
∥∥∥
∑
aieˆi
∥∥∥ = max
m≤n
∥∥∥
n∑
i=m
aixi
∥∥∥ = max
m≤n
∥∥∥
n∑
i=m
aiS(ei)
∥∥∥
≤ ‖S‖max
m≤n
∥∥∥
n∑
i=m
aiei
∥∥∥ ≤ K‖S‖
∥∥∥
∑
aiei
∥∥∥.
Thus, we call (Emin, (eˆi)) the minimal-associated sequence space to (xi, fi) or minimal
sequence space associated to (xi, fi) and (eˆi) the minimal-associated Schauder basis,
respectively. We call Smin : Emin → X,
∑
aieˆi 7→
∑
aixi the minimal-associated re-
construction operator and Tmin : X → Emin, x =
∑
fi(x)xi 7→
∑
fi(x)eˆi the minimal-
associated decomposition operator or analysis operator.
Lemma 3.6.
∑∞
i=1 aixi converges in X if and only if
∑∞
i=1 aieˆi converges in Emin.
Proof. Sufficiency is trivial by using Smin the minimal-associated reconstruction op-
erator. For necessity, if
∑∞
i=1 aixi converges, then for any ǫ > 0, there is N ∈ N such
that for any N < m ≤ n, ‖∑ni=m aixi‖ < ǫ, then
∥∥∥
n∑
i=m
aieˆi
∥∥∥ = max
m≤p≤q≤n
∥∥∥
q∑
i=p
aixi
∥∥∥ < ǫ.
It follows that
∑∞
i=1 aieˆi converges. 
Definition 3.7. Let X a Banach space with (xi) ⊂ X . We call (xi) a near-Schauder
basis of X if there is a finite set σ ⊂ N such that (xi)i/∈σ is a Schauder basis of X . We
call a Schauder frame (xi, fi) a near-Schauder basis if (xi) is a near-Schauder basis.
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Remark 3.8. If there are two finite subsets σ1, σ2 ⊂ N such that (xi)i/∈σ1 and (xi)i/∈σ2
both are Schauder bases of X , then card σ1 = card σ2. Indeed, let N = max{i :
i ∈ σ1 ∪ σ2}, then the Schauder bases (xi)i/∈σ1 and (xi)i/∈σ2 both contain the basic
subsequence (xi)i>N . It follows easily that codim [xi]i>N = N−card σ1 = N−card σ2.
It implies that card σ1 = card σ2.
Then we define the excess of a near-Schauder basis (xi) of X by
exc(xi) = {card σ : ∃ a finite subset σ ⊂ N s.t. (xi)i/∈σ is a Schauder basis of X}.
4. Main Results
The following is our main theorem, which gives a characterization of Schauder
frames which are near-Schauder bases.
Theorem 4.1. Let (xi, fi) be a Schauder frame of a Banach spaceX and let (Emin, (eˆi))
be the minimal-associated sequence space to (xi, fi) with Smin the minimal-associated
reconstruction operator.
Then the following conditions are equivalent:
a) The kernel of Smin contains no copy of c0;
b) Smin has a finite dimensional kernel;
c) (xi) is a near-Schauder basis of X.
Furthermore, in this case, we have
exc(xi) = dim(ker Smin).
Then by Theorem 4.1, we obtain the following corollary, which gives a character-
ization of Schauder frames of a space with no copy of c0 which are near-Schauder
bases.
Corollary 4.2. Let (xi, fi) be a Schauder frame of a Banach spaceX and let (Emin, (eˆi))
be the minimal-associated sequence space to (xi, fi) with Smin the minimal-associated
reconstruction operator.
Then the following conditions are equivalent:
a) Emin contains no copy of c0.
b) i) X contains no copy of c0.
ii) Smin has a finite dimensional kernel.
c) i) X contains no copy of c0.
ii) (xi) is a near-Schauder basis of X.
Furthermore, in this case, we have exc(xi) = dim(kerSmin).
Remark 4.3. It is well known that reflexive spaces (or even separable dual Banach
spaces) contain no copy of c0. So many classical Banach spaces, for example ℓp
(1 ≤ p <∞), are in this category.
For the proof of Theorem 4.1 and Corollary 4.2, we need the following results.
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Proposition 4.4. Let (xi, fi) be a Schauder frame of a Banach space X and let
(E, (ei)) be an associated sequence space to (xi, fi) with S the associated reconstruction
operator.
Then S has a finite dimensional kernel if and only if there is a finite subset σ ⊂ N
such that (xi)i/∈σ is a Schauder basis of X which is equivalent to (ei)i/∈σ. Furthermore,
in this case, we have exc(xi) = dim(kerS).
Proof. Sufficiency. Suppose, to the contrary, that ker S is infinite dimensional. By
hypothesis, there is a finite subset σ ⊂ N such that (xi)i/∈σ is a Schauder basis of X
equivalent to (ei)i/∈σ. Then S|[ei]i/∈σ is an isomorphism from [ei]i/∈σ onto [xi]i/∈σ = X .
Since dim(ker S) = ∞ and codim([ei]i/∈σ) = cardσ < ∞, there is u ∈ [ei]i/∈σ ∩ ker S
with ‖u‖ = 1. Then S|[ei]i/∈σ(u) = S(u) = 0, which leads to a contradiction.
Necessity. Let T be the associated decomposition operator. We claim that ker S =
(IdE − T ◦ S)(E). Indeed, for any u ∈ E, if S(u) = 0, then (IdE − T ◦ S)(u) = u. So
kerS ⊂ (IdE −T ◦S)(E). On the other hand, by Remark 3.4, S ◦T = IdX . Then for
any u ∈ E, S ◦ (IdE − T ◦ S)(u) = S(u)− S ◦ T ◦ S(u) = S(u)− S(u) = 0. It follows
that (IdE − T ◦ S)(E) ⊂ ker S. Thus, ker S = (IdE − T ◦ S)(E).
Then let Q = IdE − T ◦ S. Since ker S is finite dimensional, Q is a finite-rank
operator. We claim that there is N ∈ N such that
inf
{‖u−Q(u)‖ : u ∈ [ei]i≥N , ‖u‖ = 1
}
> 0.
Suppose not. That is, for all n ∈ N, inf {‖u−Q(u)‖ : u ∈ [ei]i≥n, ‖u‖ = 1
}
= 0. Then
for any n ∈ N, there is un ∈ [ei]i≥n so that ‖un‖ = 1 and ‖un − Q(un)‖ < 1/2n+1.
Furthermore, there is big enough mn ≥ n and u˜n ∈ [ei]n≤i≤mn so that ‖u˜n‖ = 1
and ‖u˜n − un + Q(u˜n − un)‖ ≤ 1/2n+1, then ‖u˜n − Q(u˜n)‖ ≤ ‖u˜n − un + Q(u˜n −
un)‖ + ‖un − Q(un)‖ ≤ 1/2n. Choose an increasing sequence (ni) ⊂ N such that
(u˜ni) is a normalized block basic sequence of (ei), i.e. a sequence of norm one vectors
with finite increasing supports, with ‖u˜ni − Q(u˜ni)‖ ≤ 1/2ni for each i ∈ N. Since
Q is a finite-rank operator and (Q(u˜ni)) is a bounded sequence, there is a further
subsequence, which, without loss of generality, we still denote by (u˜ni), such that
Q(u˜ni)→ u0 for some u0 ∈ E. It follows easily that ‖u0‖ = 1. Let (e∗i ) ⊂ E∗ be the
biorthogonal functionals of (ei). Pick N1 with |e∗N1(u0)| > 0, then
dist(u0, [ei]i>N1) = inf
u∈[ei]i>N1
‖u0 − u‖ ≥ inf
u∈[ei]i>N1
|e∗N1(u0 − u)|
‖e∗N1‖
=
|e∗N1(u0)|
‖e∗N1‖
> 0.
Let δ = |e∗N1(u0)|/‖e∗N1‖. Choose N2 > N1 so big that, for all ni > N2, we have
‖Q(u˜ni)−u0‖ < δ/2 and 1/2N2 < δ/2. Take a sequence of positive numbers (bi) with
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∑
ni>N2
bi = 1. Then
∥∥∥
∑
ni>N2
biu˜ni −
∑
ni>N2
biQ(u˜ni)
∥∥∥ ≥
∥∥∥
∑
ni>N2
biu˜ni − u0
∥∥∥−
∥∥∥u0 −
∑
ni>N2
biQ(u˜ni)
∥∥∥
≥ dist(u0, [ei]i>N1)−
∑
ni>N2
‖biu0 − biQ(u˜ni)‖
> δ −
∑
ni>N2
bi · δ
2
=
δ
2
.
On the other hand,
∥∥∥
∑
ni>N2
biu˜ni −
∑
ni>N2
biQ(u˜ni)
∥∥∥ ≤
∑
ni>N2
bi‖u˜ni −Q(u˜ni)‖ =
∑
ni>N2
bi · 1
2ni
<
1
2N2
<
δ
2
,
which leads to a contradiction.
Thus, there is N ∈ N such that inf {‖u−Q(u)‖ : u ∈ [ei]i≥N , ‖u‖ = 1
}
> 0. Since
IdE − Q = T ◦ S, these imply that T ◦ S|[ei]i≥N is an isomorphism from [ei]i≥N onto
[T ◦ S(ei)]i≥N = [T (xi)]i≥N . By Remark 3.4, T is an isomorphic embedding from X
into E, then S|[ei]i≥N is an isomorphism from [ei]i≥N onto [xi]i≥N , that is, (xi)i≥N is
a basic sequence equivalent to (ei)i≥N . Thus, it follows easily that there is a finite
subset σ ⊂ {1, ..., N} such that (xi)i/∈σ is a Schauder basis of X equivalent to (ei)i/∈σ.
Finally, we prove that, in this case, exc(xi) = dim(ker S). By hypothesis, there
is a finite subset σ ⊂ N such that (xi)i/∈σ is a Schauder basis equivalent to (ei)i/∈σ.
Thus, it is equivalent to prove that dim(kerS) = card σ = exc(xi). First, we show
that dim(ker S) ≥ card σ. It is clear that S|[ei]i/∈σ is an isomorphism of [ei]i/∈σ onto
[xi]i/∈σ = X . Then for any k ∈ σ, since (xi)i/∈σ is a Schauder basis of X , let (x∗i )i/∈σ ⊂
X∗ be the biorthogonal functionals of (xi)i/∈σ, we have xk =
∑
i/∈σ x
∗
i (xk)xi. Thus,
S(ek) = xk =
∑
i/∈σ
x∗i (xk)xi =
∑
i/∈σ
x∗i (xk)S(ei) = S
(∑
i/∈σ
x∗i (xk)ei
)
.
Thus, S(ek −
∑
i/∈σ x
∗
i (xk)ei) = 0 for all k ∈ σ. (ek −
∑
i/∈σ x
∗
i (xk)ei)k∈σ ⊂ ker S,
and clearly, (e∗k)k∈σ ⊂ E∗ is the orthogonal functionals. So (ek −
∑
i/∈σ x
∗
i (xk)ei)k∈σ
is linear independent, it follows that dim(kerS) ≥ dim([ek −
∑
i/∈σ x
∗
i (xk)ei]k∈σ) =
cardσ. Now, we prove that dim(kerS) ≤ card σ. If not, that is, dim(kerS) >
cardσ, then there exists finite Schauder basis (uk)
dim(kerS)
k=1 of kerS such that for all
1 ≤ k ≤ dim(kerS), uk =
∑
i∈σ e
∗
i (uk)ei + vk where vk =
∑
i/∈σ e
∗
i (uk)ei ∈ [ei]i/∈σ.
Since dim(kerS) > card σ, we know that there is a non-zero linear combination∑dim(ker S)
k=1 λkuk of (uk)
dim(kerS)
k=1 such that
dim(kerS)∑
k=1
λk
∑
i∈σ
e∗i (uk)ei = 0.
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Thus,
∑dim(ker S)
k=1 λkuk =
∑dim(ker S)
k=1 λkvk ∈ [ei]i/∈σ ∩ ker S = {0}, which leads to a
contradiction.

Proposition 4.5. Let (xi, fi) be a Schauder frame of a Banach space X and let
(Emin, (eˆi)) be the minimal-associated sequence space to (xi, fi) with Smin the minimal-
associated reconstruction operator.
If the kernel of Smin contains no copy of c0, then ker Smin is finite dimensional.
Proof. Suppose, to the contrary, that ker Smin is infinite dimensional. Choose u1 ∈
kerSmin with ‖u1‖ = 1. Then
0 = Smin(u1) = Smin
(∑
eˆ∗i (u1)eˆi
)
=
∑
eˆ∗i (u1)Smin(eˆi) =
∑
eˆ∗i (u1)xi,
where (eˆ∗i ) ⊂ E∗min is the biorthogonal functionals of (eˆi). Take (ǫi), (δi) ⊂ R+ with∑
ǫi < 1/2 and
∑
δi < 1. Then we can find n1 so big that ‖
∑∞
i=n1+1
eˆ∗i (u1)eˆi‖ < ǫ1
and ‖∑n1i=1 eˆ∗i (u1)xi‖ < δ1. Since dim(kerSmin) = ∞ and codim([ eˆi]i≥n1+1) = n1 <
∞, there is u2 ∈ ker Smin ∩ [ eˆi]i≥n1+1 with ‖u2‖ = 1. As in previous step, from the
fact that
0 = Smin(u2) = Smin
( ∞∑
i=n1+1
eˆ∗i (u2)eˆi
)
=
∞∑
i=n1+1
eˆ∗i (u2)Smin(eˆi) =
∞∑
i=n1+1
eˆ∗i (u2)xi,
we can find n2 > n1 such that ‖
∑∞
i=n2+1
eˆ∗i (u2)eˆi‖ < ǫ2 and ‖
∑n2
i=n1+1
eˆ∗i (u2)xi‖ < δ2.
Continuing in this fashion, we construct an increasing sequence {ni}∞i=0 with n0 = 0,
and a sequence (ui)
∞
i=1, where ui ∈ kerSmin ∩ [ eˆi]i≥ni−1+1 and ‖ui‖ = 1, such that
∥∥∥
∞∑
j=ni+1
eˆ∗j (ui)eˆj
∥∥∥ < ǫi and
∥∥∥
ni∑
j=ni−1
eˆ∗j(ui)xj
∥∥∥ < δi for all i ∈ N.
Let u˜i =
∑ni
j=ni−1+1
eˆ∗j (ui)eˆj for i ∈ N. Then,
1 = ‖ui‖ ≥
∥∥∥
ni∑
j=ni−1+1
eˆ∗j(ui)eˆj
∥∥∥ = ‖u˜i‖ ≥ ‖ui‖ −
∥∥∥
∞∑
j=ni+1
eˆ∗j(ui)eˆj
∥∥∥ ≥ 1− ǫi > 1
2
.
It follows that (u˜i) is a semi-normalized block basic sequence of (eˆi). Moreover,
∑
‖ui − u˜i‖ =
∑∥∥
∞∑
j=ni+1
eˆ∗j (ui)eˆj
∥∥ <
∑
ǫi <
1
2
,
there is N ∈ N so big that (ui)i≥N is a normalized basic sequence which is equivalent
to (u˜i)i≥N . Since (ui) ⊂ ker Smin that contains no copy of c0, it follows that (u˜i)i≥N is
not equivalent to the unit vector basis of c0. Whenever
∑
aiu˜i converges, (ai) ∈ c0.
Thus, these imply that there must exist (ci) ∈ c0 such that
∑
ciu˜i does not converges.
Let bj = cieˆ
∗
j(ui+1) for ni + 1 ≤ j ≤ ni+1.
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Then we claim that
∞∑
j=1
bjxj =
∞∑
i=0
ni+1∑
j=ni+1
cieˆ
∗
j(ui+1)xj
converges. Indeed, for any ǫ > 0, choose N so big that supi≥N |ci| < min{ ǫ3‖Smin‖ , ǫ3}.
For any nN ≤ l ≤ m ∈ N, if there is i0 ≥ 0 such that l, m ∈ [ni0 + 1, ni0+1], then
∥∥∥
m∑
j=l
bjxj
∥∥∥ =
∥∥∥
m∑
j=l
ci0 eˆ
∗
j (ui0+1)xj
∥∥∥ = |ci0| ·
∥∥∥
m∑
j=l
eˆ∗j (ui0+1)Smin(eˆj)
∥∥∥
≤ |ci0 | · ‖Smin‖ ·
∥∥∥
m∑
j=l
eˆ∗j (ui0+1)eˆj
∥∥∥ ≤ |ci0| · ‖Smin‖ ≤
ǫ
3
.
If not, there is 0 ≤ i1 < i2 such that l ∈ [ni1 + 1, ni1+1] and m ∈ [ni2 + 1, ni2+1], then
∥∥∥
m∑
j=l
bjxj
∥∥∥ =
∥∥∥
ni1+1∑
j=l
ci1 eˆ
∗
j (ui1+1)xj +
i2∑
k=i1+1
nk+1∑
j=nk+1
ckeˆ
∗
j (uk+1)xj +
+
m∑
j=ni2+1
ci2 eˆ
∗
j (ui2+1)xj
∥∥∥
≤
∥∥∥
ni1+1∑
j=l
ci1 eˆ
∗
j (ui1+1)xj
∥∥∥+
i2∑
k=i1+1
|ck| ·
∥∥∥
nk+1∑
j=nk+1
eˆ∗j(uk+1)xj
∥∥∥+
+
∥∥∥
m∑
j=ni2+1
ci2 eˆ
∗
j(ui2+1)xj
∥∥∥
≤ |ci1 | · ‖Smin‖+
i2∑
k=i1+1
δk |ck|+ |ci2 | · ‖Smin‖
≤ |ci1 | · ‖Smin‖+ sup
k>i1
|ck|+ |ci2| · ‖Smin‖
≤ ǫ
3
+
ǫ
3
+
ǫ
3
= ǫ.
Thus,
∑∞
j=1 bjxj =
∑∞
i=0
∑ni+1
j=ni+1
cieˆ
∗
j(ui+1)xj converges. So by Lemma 3.6,
∑∞
j=1 bj eˆj =∑∞
i=0
∑ni+1
j=ni+1
cieˆ
∗
j (ui+1)eˆj =
∑
ciu˜i converges, which leads to a contradiction. 
We are now ready to present the proof of our main theorem and corollary:
Proof of Theorem 4.1. (a)⇔ (b) follows from Proposition 4.5.
(b)⇔ (c) and exc(xi) = dim(ker Smin) both are obtained by Proposition 4.4. 
Proof of Corollary 4.2. It follows from Theorem 4.1. 
The following example is a special case of our main results.
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Example 4.6. Let (zi) be a normalized Schauder basis of a Banach space X with
biorthogonal functionals (z∗i ). Let (xi, fi) ⊂ X ×X∗ be defined by x2k−1 = x2k = zk
and f2k−1 = f2k = z
∗
k/2 for all k ∈ N. Then, for every x ∈ X , we obtain that
x =
∞∑
k=1
z∗k(x)zk =
∞∑
k=1
z∗k
2
(x)zk+
z∗k
2
(x)zk =
∞∑
k=1
f2k−1(x)x2k−1+f2k(x)x2k =
∞∑
i=1
fi(x)xi.
It follows that (xi, fi) is a Schauder frame of X . Let (Emin, (eˆi)) be the minimal
sequence space associated to (xi, fi) with Smin the minimal-associated reconstruction
operator. Then
max
k∈N
|ak| ≤
∥∥∥
∑
ak(eˆ2k − eˆ2k−1)
∥∥∥ ≤ 2max
k∈N
|ak| , for all (ak) ∈ c00.
Moreover, (eˆ2k − eˆ2k−1) ⊂ kerSmin. Thus, ker Smin contains a
√
2-copy of c0.
Proof. First, since Smin(eˆ2k − eˆ2k−1) = x2k − x2k−1 = zk − zk = 0, it implies that
(eˆ2k − eˆ2k−1) ⊂ kerSmin. Moreover, for any n ∈ N, we have ‖
∑
2k≤2n akzk −∑
2k−1≤2n akzk‖ = 0 and ‖
∑
2k≤2n−1 akzk −
∑
2k−1≤2n−1 akzk‖ = ‖anzn‖ = |an|. Then
for any (ak) ∈ c00,
∥∥∥
∞∑
k=1
ak(eˆ2k − eˆ2k−1)
∥∥∥ =
∥∥∥
∞∑
k=1
akeˆ2k −
∞∑
k=1
akeˆ2k−1
∥∥∥
= max
m≤n
∥∥∥
∑
m≤2k≤n
akx2k −
∑
m≤2k−1≤n
akx2k−1
∥∥∥ ≥ max
n∈N
∥∥∥
∑
2k≤n
akx2k −
∑
2k−1≤n
akx2k−1
∥∥∥
= max
n∈N
∥∥∥
∑
2k≤n
akzk −
∑
2k−1≤n
akzk
∥∥∥ = max
n∈N
|an|,
and by the above formula, we obtain that
∥∥∥
∞∑
k=1
ak(eˆ2k − eˆ2k−1)
∥∥∥
= max
m≤n
∥∥∥
∑
m≤2k≤n
akx2k −
∑
m≤2k−1≤n
akx2k−1
∥∥∥
= max
m≤n
∥∥∥
∑
2k≤n
akx2k −
∑
2k≤m−1
akx2k −
∑
2k−1≤n
akx2k−1 +
∑
2k−1≤m−1
akx2k−1
∥∥∥
≤ 2max
n∈N
∥∥∥
∑
2k≤n
akx2k −
∑
2k−1≤n
akx2k−1
∥∥∥ = 2max
n∈N
|an|.
This completes the proof. 
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5. Applications to Besselian Frames and Near-Riesz Bases
By [5, Remark 2.7], we know that, for a sequence (xj) in H , (xj) is a Hilbert frame
for H if and only if there is a sequence (fj) in H such that (xj, fj) is a Schauder frame
of H and that (ℓ2(J), (ej)j∈J) (with its unit vector basis) is an associated sequence
space to (xj, fj).
Definition 5.1. [9, 16] If (xi)
∞
i=1 is a Hilbert frame for a Hilbert space H , then we
say that (xi) for H is
(i) Besselian if whenever
∑∞
i=1 aixi converges, then (ai) ∈ ℓ2;
(ii) a near-Riesz basis if there is a finite subset σ ⊂ N such that (xi)i/∈σ is a Riesz
basis of H .
Then we get the main result of [16] as a corollary of our theorem on a special case.
Corollary 5.2. [16] Let (xi) be a Hilbert frame in a Hilbert space H.
Then the following conditions are equivalent:
(i) (xi) is a near-Riesz basis for H;
(ii) (xi) is Besselian;
(iii)
∑∞
i=1 aixi converges in H if and only if (ai) ∈ ℓ2.
Furthermore, in this case, we have exc(xi) = dim(ker S), where S : ℓ2 → H with∑
aiei 7→
∑
aixi is the pre-frame operator.
Proof. (i)⇒(ii)⇒(iii) is trivial.
(ii)⇔(i). If (xi) is Besselian, then it follows easily that the unit vector basis of
ℓ2 is equivalent to the minimal-associated Schauder basis, which implies that the
minimal-associated sequence space is isomorphic to ℓ2, which contains no copy of
c0. By Corollary 4.2, we obtain that (xi) is a near-Riesz basis for H , and exc(xi) =
dim(ker S). 
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